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Abstract. In the introduction the object of investigation is pointed out – the series of Faber polynomials. The basic notions, such 
as saturation, degree of saturation, class of saturation are defined. The purpose of the research is the obtaining of structural 
characteristic of the saturation class of the Abel’s method of summability of the series of Faber polynomials. In the main part the 
structural characteristics of the saturation class are obtained: 1) in the Jordan domains with smooth boundary of S. Ya. Alper 
curve; 2) in the Jordan domains with rectifiable boundary curve of bounded rotation and free from cusps; 3) for segment [−1, 1]. 
In the Jordan domains with smooth boundary of S. Ya. Alper curve the saturation class is characterized in terms of the ordinary 
derivative. In the Jordan domains with the rectifiable boundary curve of bounded rotation and free from cusps the saturation class 
is characterized in terms of the Faber derivative. For segment [−1, 1] the saturation class is characterized in terms of the ordinary 
derivative of the trigonometric conjugate function to the composite function f (cosx). The obtained results can be applied in the 
theoretical research of summability of the series of Faber polynomials, as well as in special courses of approximation theory. 
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Abstract. In the introduction the object of study is defined – a system consisting of two ordinary differential equations, which is a 
mathematical model of the motion of three bodies. The basic concepts such as: the movement of three bodies, the constant 
interparticle interaction are described. The purpose of the study is the establishment of the analytical properties of solutions of 
systems of nonlinear differential equations describing the motion of three bodies. To achieve this goal the main task is defined: to 
consider the sets of interaction constants and to distinguish among them the cases when the corresponding systems have solutions 
with mobile critical singularities, that is, these conditions are not sufficient for the absence of mobile critical features in the object 
of investigation. The relevance of this topic is due to the lack of integration methods for the equations of this type and the ability 
to explore their solutions. In the main part of the article it is examined the system describing the motion of three bodies. For the 
studied system it is obtained simplified system by introducing a small parameter. 22 sets of constants interparticle interaction are 
studied in which they have the appropriate system solutions with moving critical features. For each set detailed study is given, 
analytical characteristics of solutions of the corresponding systems are obtained. 5 sets of interparticle interaction constants are 
considered, for which the solutions of the corresponding systems are meromorphic functions. For each set general solutions are 
found and written. To study the properties of a system classical research methods in the analytic theory of differential equations 
and systems are used: the method of small parameter and the resonance method. It is proved the theorem, which describes the 
values of the constants for which the appropriate systems are solutions with moving critical features. A theorem is also proved 
where the sets of interaction constants are singled out, under which all solutions of the corresponding systems are meromorphic 
functions. In the conclusion the main results obtained for the investigated sets of interaction constants are indicated. The received 
researches can be applied at the decision of some problems of celestial mechanics, and also for reading of special courses on the 
analytical theory of the differential equations. 
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Abstract. In the introduction the object of research is indicated – autonomous differential system of the third order, whose right-
hand parts have polynomials of a special form. The aim of the research is to construct differential equations for the components of 
the solution of this system, for some linear combinations of these components, and also to show that the system under 
consideration having a movable singular line does not have the first integral rational with respect to the components of the 
solution of the system. The work is devoted to the analytic theory of differential equations, in which the solutions of equations and 
systems are functions of a complex variable. For equations and systems of order higher than the second, there are difficulties 
associated with the presence in the solutions of non-isolated singular points that form singular lines. The position of these singular 
lines in the plane of the complex variable depends on the choice of the initial data, therefore special lines are movable. As it 
turned out, the differential equations for the solution components and their linear (and nonlinear) combinations also have movable 
singular lines. To investigate the analytical and qualitative properties of solutions of systems of the third and higher order, the 
presence of the first and intermediate integrals that are rational with respect to the components of solutions plays an important 
role. Thus, the problem of finding the first integrals of such equations and systems should be considered as very important for the 
analytic theory of differential equations. It is also necessary to know naturally those cases when the first integrals of a certain type 
can not be constructed. It is considered that the obtained results will be useful for further research on the properties of solutions of 
the third order systems. 

Keywords: third order system, movable singular line, Chazy equation, first integral, solution mapping, Backlund transform, 
modular function. 
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Abstract. In the introduction the object of research is identified – mixed problem for the fourth-order partial differential equations 
with constant coefficients of hyperbolic type with multiple characteristics. The aim of the study is to construct a classical solution 
of the mixed problem correctly posed by Hadamard and to prove the theorem of the existence and uniqueness. In the main part it 
is constructed the classical solution of the Cauchy problem and of the boundary value problem for not strictly hyperbolic 
homogeneous equation of the fourth order with constant coefficients and the multiple characteristics. The method of 
characteristics is used to solve this problem. According to this method, general solution of the equation contains the sum of four 
functions, which are found from initial and boundary conditions and depend on the arguments x + a1t and x + a2t. The solution is 
constructed for the cases of presence or absence of derivatives of lower order. The conditions for matching the initial and 
boundary data with allowance for the smoothness of the given functions are obtained, which follow from the requirement of four 
times the continuous differentiability of the solution. It is noted that in the case of a strictly hyperbolic equation, the requirements 
on the smoothness of the initial data are lower. The theorem on the existence of a unique classical solution is proved. The obtained 
results can be used in the theory of differential equations with partial derivatives and in the computational mathematics. 

Keywords: differential equation with partial derivatives of hyperbolic type of fourth order, initial value problem, boundary value 
problem, classical solution, method of characteristics, matching conditions. 
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Abstract. In the introduction it is given an overview of the literature sources relevant to the research subject and it is indicated the 
object of study – the boundary value problem, describing the process of scattering of a sound field on an infinitely thin unclosed 
spherical shell and an infinitely thin circular disk. The analytic solution of the axisymmetric problem of scattering of a sound field 
on an infinitely thin unclosed spherical shell and an infinitely thin circular disk is constructed. The source of the sound field is a 
point spherical radiator located inside a thin unclosed spherical shell – an acoustically hard shell. In the main part of the paper the 
statement of the boundary problem is described. The pressure of the source of the sound field is represented as a series of 
spherical wave functions. Secondary sound pressures are represented as a superposition of spherical and cylindrical wave 



functions in the local coordinate system. With the help of addition theorems connecting spherical and cylindrical wave functions, 
the solution of the boundary value problem is reduced to the solution of the dual series equations of Legendre polynomials and the 
dual integral equation with a kernel of the form of the Bessel function. The dual equations are transformed to an infinite system of 
linear algebraic equations of the second kind with a completely continuous operator that admits a solution by the reduction 
method. The formula for calculating the secondary sound pressure is derived. The obtained results may find practical application 
in the design of acoustic screens used in industry, building, etc. 

Keywords: scattering of sound field, unclosed spherical shell, circular disk, dual series equations, dual integral equations, infinite 
system of linear algebraic equations of second kind. 
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Abstract. In the article it is studied the linear stationary singularly perturbed system with small parameter at the higher derivative 
part of the variables and with delay in the slow state variables (LSSPSD). The aim of the research is to obtain independent on the 
small parameter and valid for all sufficiently small values of the parameter rank type sufficient conditions of the spectral 
controllability of LSSPSD as for all of the variables and for its parts. The conditions are derived from the decomposition and 
analysis of the properties of the spectrum LSSPSD and formulated in terms of matrix parameters of systems with lower dimension 
than the original. In the introduction it is described the distinctive features of the models of the studied type – the singularity, the 
presence of the different tempo of the movements in the dynamics of the simulated system, the time-delay on the variables. It is 
justified the urgency of study of such models from both theoretical and from the point of view of applications. It is introduced the 
concept, indicated the importance of spectrum analysis and its feature for singularly perturbed systems, and problems in spectrum 
control. A brief review of the publications on the research topic is made. In the first part it is defined the main tasks of the work. It 
is introduced the notion of spectral {x, y}-controllability of LSSPSD (in several equivalent forms) and formulated parametric rank 
criterion for the spectral {x, y}-controllability of LSSPSD, valid for any fixed value of the parameter. It is specified the 
significance and possibility of decomposition methods for the analysis of singularly perturbed systems. In the second part it is 
introduced the degenerate system and the boundary layer associated with the source of LSSS independent of the parameter of the 
system with smaller dimension. It is the concepts and the resulting terms of the spectral controllability of degenerate system and 
the boundary layer system. In the third part it is formulated auxiliary results on the decomposition of LSSPSD and the division of 
the spectrum into two disjoint sets with “slow” and “fast” eigenvalues. It is introduced associated with the decomposition concept 
of the spectral x-(y)-controllability of LSSPS at a fixed µ > 0 and formulated relevant criteria. In the fourth part the connection 
between conditions for spectral controllability of degenerate system and of boundary layer system with the spectral controllability 
of the original LSSPSD as for all of the variables and for its parts is established. It is proved rank-order sufficient conditions for 
spectral {x, y}-, x-, y-controllability of LSSPSD that do not depend on the parameter and valid for all sufficiently small values of 
the parameter. In the last part examples are illustrated. In the conclusion it is described some generalizations and applications of 
the obtained results. The obtained results can be used for solving problems of analysis and synthesis of linear stationary singularly 
perturbed systems with delay. 

Keywords: singularly perturbed system, system different tempo, delay, spectrum, spectral control, sufficient conditions, small 
parameter, decomposition. 
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Abstract. The object of study is generalized functions on ℝ  of exponential growth of degree c. The subject of the investigation is 
the Laplace transform and the wavelet transform of generalized functions. The aim of the study is to introduce a direct Laplace 
transform and direct wavelet transform of generalized functions on ℝ  of exponential growth of the degree c, study the properties 
of the obtained transformations. In the main part it is entered spaces εa and εc. Theorems are proved for spaces εa and εc: on 
completeness of the space εa, the criterion of fundamentality of the sequence space cε, the property of completeness and basic of 
space εc. It is entered the space ε′c+ conjugating to space εa and εc. The definitions are given for a generalized function on ℝ  of 
exponential growth of degree c (ε′c+), Laplace transform of generalized functions on ℝ  of exponential growth of degree c. The 
properties of the generalized Laplace transform, examples of the Laplace transform of the most common generalized functions are 
considered. The formula of the direct wavelet transform of generalized functions on ℝ  of exponential growth of degree c is 
derived. Properties of the direct wavelet transform of generalized functions are considered. The obtained theoretical results can be 
applied for processing and analysis of real data arising in economic, financial, technical and other systems that will more 
accurately investigate the work of such systems and predict their behavior. The results can be used when reading general and 
special courses, practical training on statistical analysis of stationary time series in higher education. 

Keywords: pre-norm, conjugate space, tensor product, wavelet transform, generalized functions, Laplace transform, generalized 
functions of exponential growth. 
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Abstract. In the introduction the object of research is indicated − the component composition of the biological object, which is 
investigated on the basis of its anthropometric data and electrical characteristics of a body, determined by bioimpedance method 
using the ABC-01 analyzer “Medass”. The aim of the study is to determine the components of a human body composition, which 
most accurately determine its norm, depending on the age category. In the main part a schematic diagram of the investigation of 
the electrical characteristics of a human body using bioimpedance analyzers is described, based either on measurements of the AC 
voltage and phase angle taken from the human body or alternating voltage and current. The technique for performing numerical 
calculations of the components of the body composition using anthropometric and electrical characteristics is described. The 
qualitative analysis of the change in the active resistance of the human body due to the conductivity of liquid electrolytes as a 
function of age is carried out. Regression equations for calculating the components of a human body are analyzed. It is shown that 
deviations in calculations of the same object using the coefficients presented in the literature can reach 30 %. For a group of 
students of 62 males of 18−19 year olds, an analysis of the body mass index of a person and body fat mass normalized to its total 
mass is carried out. It is determined that the relative fat mass of a person’s body more accurately characterizes the norm of the age 
category, rather than the Quetelet index. The obtained results can be applied in preventive and sports medicine in studies of the 
component composition of a human body. 

Keywords: active resistance, reactive resistance, anthropometric indicators, characteristics of human body, bioimpedance method, 
youthful age. 
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Abstract. In the introduction the object of research is pointed out – the film with variable dielectric parameters. The subject of 
research is the dispersion of the films dielectric permittivity under the influence of high-frequency field. The purpose of work is to 
study the dielectric properties of the composite films consisting of polyvinyl alcohol and fillers of various concentrations of 
aluminum oxide, talc or boron powder. In the main part the possibilities of controlling a high-frequency electric field by the 
dielectric permittivity of films and the management capabilities of their characteristics are investigated. Investigations of the 
frequency dependence of the films relative dielectric permittivity at high frequencies are carried out by bridge method. The 
technique of measuring the dielectric characteristics of the films in the frequency range are presented. The substantiation of a 
choice of a composite material and fillers is given. The dependences of the composite polymer dielectric permittivity on the 
frequency of the applied RF field are presented. It is shown, that the presence of different concentrations of impurities allows to 
change the value of the dielectric permittivity of composite polymer under the influence of high-frequency electric field. The 



possibility of adjusting the frequency range in which the change in the permittivity of the composite polymer is controlled due to a 
change in the fillers concentration is presented. The physical substantiation of the resonant change in the dielectric properties of 
the used composite materials is given. The dielectric dispersion of a composite polymer in a high-frequency electric field is due to 
the interaction of polar molecules of polyvinyl alcohol with the molecules of fillers. These results of research allow to determine 
the requirements for dielectric properties of materials, the use of which will allow to create systems with adjustable 
electrophysical parameters. The composite films based on polar dielectrics can be used to develop new electronically controlled 
devices in microwave electronics and optoelectronics. 

Keywords: dielectric films, polar insulators, coefficient of permittivity, high-frequency resonance of material. 
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Abstract. In the introduction the object of research is indicated − composites based on polytetrafluoroethylene, obtained by using 
different forming technologies. The aim of this work is to study the spatial arrangement of particles of copper clusters in a matrix 
of polytetrafluoroethylene. In the main part an algorithm for recognizing copper clusters in a matrix of polytetrafluoroethylene of 
a composite material from surface images obtained by optical microscopy is developed. The method is based on the threshold 
segmentation of clusters in accordance with the Otsu method. The purpose of this method is to select a threshold that minimizes 
the ratio of the combined variance to the variance between the classes determined by dividing the histogram into thresholds. Based 
on the obtained images and the developed algorithm, the analysis and distribution of clusters in the matrix of 
polytetrafluoroethylene at mass concentrations of copper from 1 to 20 % is carried out. In accordance with the ratio between the 
square of the perimeter of the fractal object and its area, the fractal dimensions of the profiles of the filler clusters in the matrix are 
calculated. The fractal dimensions of the profile of the selected segments of the filler clusters in the polytetrafluoroethylene matrix 
increase from 1.65 to 1.72 when the mass concentration of copper varies from 1 to 20 %. The filler forms clusters which structure 
can be described within the framework of the modified diffusion limited aggregation model (RLA). The calculations are carried 
out in the resource center “SKIF” of Yanka Kupala State University of Grodno on the supercomputer cluster “IBM FlashSystem 
240 cluster”. The determination of the geometric quantitative characteristics for describing the structure and distribution of the 
particles of the filler clusters in the composite material matrix is necessary for calculating the thermophysical characteristics of 
composite materials, as well as strength calculations and the degree of modification. 

Keywords: polymeric composites, Otsu method, segmentation threshold, fractal dimension, RLA models. 
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Abstract. In the introduction the object of investigation is pointed out – the transparent polymers under laser radiation action in 
different surroundings and different regimes of laser treating. Some features of laser destruction of organic materials and 
specifically of polimethilmethacrilate (PMMA) are mentioned. The purpose of research is determination of the main mechanism 
of crater formation during laser radiation action on the surface of PMMA sample. In the main part of the work it is described a 
technique for experimental studies of the interaction of laser radiation with solid transparent dielectrics. In particular, the use of 
high speed holographic filming for the study of the dynamics of the development of the zone of destruction of the processed 
material under laser-plasma action on its surface is described in detail. The results of the action of laser radiation on polymethyl 
methacrylate are compared under various conditions: in air at normal pressure, in air under reduced pressure and in water. It is 
shown that the process of material destruction under these conditions has significant differences. In particular, when the irradiated 
sample is placed in an atmosphere of air having a normal pressure, a crater is formed on the surface of the target. It is essential 
that the development of the crater proceeds unevenly: first, its diameter increases, and only after it (diameter) becomes one and a 
half times larger than the diameter of the laser beam focusing spot, the growth of the crater acquires a three-dimensional character. 
When the irradiated sample is located in a chamber with a reduced pressure and in water, the laser radiation freely penetrates deep 
into the material, which allows the breakdown centers in the sample volume to be formed on defects and inhomogeneities. In this 
case, the development of caverns located closer to the irradiated surface prevents the development of more remote caverns 
(screening). In the conclusion it is indicated that in the absence of access to oxygen, a crater is not formed on the surface of the 
irradiated sample. Consequently, the main mechanism for the formation of a crater on the surface of polymethylmethacrylate 
during its laser treatment is the burning of plastic. The results of this work can be applied at the industrial enterprises using laser 
treating of materials. 

Keywords: pulse laser radiation, crater, cavity, laser breakdown, zone of laser destruction, screening of radiation, oxygen. 
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Abstract. In the introduction questions of use of micas and influence of heat treatment on their physical and mechanical 
characteristics are considered. In the main part influence of extent of hydration of crystals of natural micas on the provision of 
clusters of the inverse lattice (00l) is investigated. It is carried out by methods of computer model operation studying of crystals of 
natural micas of two types consisting of layers with sizes of d1 ≈ 10 blocks Å and d2 ≈ 14 Å. These blocks are phlogopite (d1) and 
vermiculite (d2). d1 and d2 blocks form the mixed layer crystals. If the concentration of one of the phases exceeds the value 0.7, 
then on the X-ray single-crystal diffraction pattern there are reflexes only of this phase. If the concentrations are in the range 0.3 ÷ 
0.7, then the diffraction patterns show reflexes of both phases. In all cases, except monolayer structures, diffractions of 00l-
clusters of the inverse lattice around their ideal provisions are observed. Questions of influence of a charging condition of mica on 
electret characteristics of fluorinated coverings are considered. For the fluorine-containing coatings formed on the surface of the 
mica substrate, depending on the type of substrate, electronic or dipole polarization is manifested. The coverings of the FSO 
formed on the juvenile surfaces of mica are nanoelectret since the size of charging areas on the surface of mica is commensurable 
with nanosizes, and this charging mosaic leads to essential changes in physical characteristics of coverings in comparison with 
coverings of the fluorinated oligomers formed on inert substrates. The presence of an electret state in the coatings of fluorine-
containing oligomers should have a significant effect on tribochemical reactions occurring at the interface of friction pairs 
modified by pholexes. 

Keywords: structure, layered silicates, hydration, fluorine compounds, nanomaterials. 
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Abstract. The object of research is Markov queueing network with revenues, claims bypasses of queueing systems (QS), and also 
with their bounded waiting time in the queues. Claims arriving to the QS with a certain probability join to the queue, or with 
additional probability instantly move in accordance with the transition matrix to others QS. The duration of waiting claims in the 
queue is a random variable exponentially distributed and does not depend on other factors, for example, the number of claims in 
the queue, waiting time in the queue of other claims and etc. Claims are selected for service in accordance with the discipline 
FIFO. Claims waiting time of which has expired leave the queue without getting in it service, and can be redistributed in the 
network, but according to another matrix of transition probabilities. Each claim for the transition from one QS to another brings 
the latter some random revenue, and the revenue of the first QS, respectively, decreases by this amount. The purpose of the 
research is to find the expected revenues in systems of such a network. The case is considered when the revenues from transitions 
between network states are random variables with given average values, and the network operates under high load conditions. In 



the main part the description of such a network is given, all possible transition probabilities and revenues from transitions between 
network states are indicated. The technique of finding the expected revenues of the systems of the network under consideration is 
described. The main results are following. The expression for such incomes is obtained in the form of linear time functions, the 
coefficients of which depend on the parameters of the network systems. The practical significance of the obtained results is that 
they can be used to develop ways to reduce queues before serving information network (IN) devices, taking into account the 
forecast of expected revenues in them. 

Keywords: Markov queueing network, claims bypasses, random waiting time of claims, expected revenues. 
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Abstract. Mathematical modeling of various economic and computer systems is a complex task since the total number of 
applications in these systems varies over time. To solve this problem, queueing networks of an open structure are used. In the 
introduction the object of study – an open queueing network of arbitrary structure with the same type of claims, the waiting time 
of which in queues of systems is limited by random variables with exponential distribution – is described. The total number of 
claims is limited. Service parameters of this structure are constant, the route is determined by arbitrary stochastic transition 
probability matrix. Claims service time of each queueing line in the queues is distributed exponentially. Claims are selected for 
the service in accordance with the discipline FIFO. The network state is described by a Markov random process. The goal of this 
study is the asymptotic analysis of this process with a large number of claims and determination of the average relative number of 
claims in the queues of structure at any given time. A partial differential equation of second order is obtained in the main part of 
the paper, this equation is the Kolmogorov–Fokker–Planck equation for the probability density of the process. A set of ordinary 
differential equations of the first order for the average values of the components of the structure’s state vector is obtained. The 
solution of this set makes it possible to predict the average relative number of claims at each queue at any time moment. A 
procedure for evaluation of examples is implemented in the mathematics software package Mathematica. Examples of the 
evaluation of average relative number of claims in structure queues is shown, which is a mathematical model of the processing of 
customer requests by an insurance company. 

Keywords: open queueing structure, limited number of claim, random waiting time, Markov process, system of differential 
equation, asymptotic analysis. 
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Abstract. The object of research is an open Markov queueing network with revenues, positive claims and signals with group 
removal of claims. In the main part of the work a description of the functioning of G-networks with positive claims and signals is 
provided, when signals while entering the system transfer a claim to another system or destroy a group of positive claims in it, 
reducing their number to a random value, which is given by some probability distribution. The signal, coming in queueing system 
without positive claims, does not have any impact on the network and immediately disappears from it. The flows of positive 
claims and signals, arriving to each queueing system, are independent. The purpose of the research is finding the expected 
revenues of such network systems. The case when the revenues from the network transitions between states are deterministic 
functions depending on its states is considered. In the main part a network description, all kinds of transitions between network 
states, transition probabilities and revenues from transitions between states are given. A system of difference-differential 
equations for the expected revenues of network systems is obtained. For its solution it is proposed a method of successive 
approximations, combined with a series method. It is proved that the successive approximations converge to a steady-state 
solution of this system of equations, and the sequence of approximations converge to the unique solution of the system. Each 
approximation can be represented as a convergent power series with infinite radius of convergence, the coefficients of which are 
connected by the recurrence relations. Therefore, it is convenient to use them in the calculations on a computer. The obtained 
results may be used in forecasting losses in information and telecommunication systems and networks against ingress of computer 
viruses and computer attacks into it.  

Keywords: G-network, positive claims and signals, group removal of claims, non-stationary regime, expected revenue. 
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Abstract. In the introduction the object of research – a G-network with positive and negative claims of multiple classes – is 
defined. The purpose of the research is to analyze such a network in a transient (non-stationary) regime, finding the time-
dependent state probabilities. In the first part of the paper it is described the functioning of the G-network with positive and 
negative claims, when negative claims entering the system destroy positive claims of its type. Flows of positive and negative 
claims of each type entering each of the network systems are independent. Maintenance of positive applications of all types occurs 
in accordance with the FIFO discipline. For non-stationary probabilities of network states, a system of Kolmogorov difference-
differential equations (DDE) is derived. One method for its finding is proposed. It is based on the use of a modified method of 
successive approximations, combined with the method of series. The successive approximations converge with time to a 



stationary probability distribution, the form of which is indicated in the article, and the sequence of approximations converges to 
the DDE solution. The uniqueness of this solution is proved by contradiction. Any successive approximation is representable in 
the form of a convergent power series with an infinite radius of convergence, the coefficients of which satisfy recurrence relations, 
which is convenient for computer calculations. The model example illustrating the determination of the time-dependent 
probabilities of network states using two techniques is calculated. The obtained results can be applied in modeling the behavior of 
computer viruses and attacks in information and telecommunication systems and networks, for example, as a model of the impact 
of some file viruses on server resources. 

Keywords: G-network, non-stationary regime, method of successive approximation, method of multidimensional generating 
function, positive and negative claims of multiple classes. 
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